Abstract. We investigate infinitesimal properties of sets of ordered n-uples of idempotents in a symmetric Banach * -algebra. These sets are called flag manifolds and carry several interesting bundles that hold an important role in some areas of operator theory. In this direction, we introduce and study Stiefel bundles on flag manifolds, which are extensions of the well known Stiefel bundles on Grassmannians. The main ingredient of our investigation is the notion of connection on an infinite-dimensional bundle, and we survey some equivalent ocurrences of such a notion in the literature.
Introduction
This paper is written in particular as a way to express our recognition of the important achievements of Jean Esterle in Mathematics. Among the great variety of research topics approached by him, there is that one of the geometry/topology associated with polynomial path connection in sets of idempotents in Banach algebras, see [Es83] , [EG04] , [Gi03] , [Tr85] . We wish to contribute to this proceedings volume in honor of Jean Esterle by pointing out several differential-geometric features that flag manifolds enjoy. These manifolds are sets of ordered n-uples of idempotents in Banach algebras, naturally arising in problems related with differential structures of the functional analysis, operator theory, and particularly in spectral theory; see for instance [PR87] , [MR92] , [CPR90] , [MS97] , [CG99] , [ACS01] , and the references therein.
Flag manifolds carry several interesting bundles that hold an important role in some areas of operator theory like the theory of reproducing kernels, the noncommutative spectral theory, or the Cowen-Douglas theory. In this direction, we introduce here the notion of Stiefel bundle on a flag manifold and study some of its basic properties. Stiefel bundles on flag manifolds generalize the corresponding notion defined over the Grassmanian manifold associated with a single idempotent (see [DG01] , [DG02] ). We investigate these notions using as a main tool the notion of connection on a fiber bundle, which is discussed in detail in Section 2.
The theory of connections is of great importance in finite-dimensional differential and algebraic geometry, as well as in their applications to operator theory, see for instance [CD78] . As regards the increasingly important geometric infinitedimensional setting, there are several different -though equivalent-methods to introduce connections on Banach and more general bundles. This circle of ideas is certainly known to many experts in finite-dimensional differential geometry, but here we discuss it in a self-contained way with a view to some problems in operator theory, where one must work with infinite-dimensional manifolds modeled on Banach spaces.
Our present paper is organized as follows. In Section 2 we survey a number of different definitions of a connection and show how these definitions are related to each other. We choose to make an exposition in terms of exact sequences of fiber bundles. We also give some original results, particularly related to the pull-back operation. Section 3 of this paper is devoted to introducing Stiefel bundles on flag manifolds associated to symmetric Banach * -algebras. After that, using some of the general methods developed in Section 2, we analyze some basic properties of Stiefel bundles, including transitive group actions, principal and linear connections on various bundles on flag manifolds, and related topics.
General conventions and notation. Throughout this paper, by Banach space we mean a real or complex complete normable vector space E, so we do not assume that any norm on E has been fixed. In this case we denote by B(E) its corresponding space of continuous linear operators. Unless otherwise mentioned, by manifold or Banach manifold we mean a smooth manifold modeled on a Banach space. Smoothness always refers here to Fréchet differentiability on Banach spaces. A Banach-Lie group is a Banach manifold G endowed with a group operation (x, y) → xy, that is smooth and for which the inversion x → x −1 is also smooth. The Lie algebra of G is g := T 1 G, the tangent space at the unit element 1 ∈ G. This is a Banach space endowed with a Lie bracket [·, ·] : g × g → g that is in particular a skew-symmetric bilinear map defined as ∂ ∂x x=1 ∂ ∂y y=1 xyx −1 . Thus, if G = A × , the group of invertible elements in a unital Banach algebra A, then g = A as Banach spaces, and the Lie bracket on A is the usual commutator [a, b] = ab − ba for all a, b ∈ A. Basic references for Lie groups, global analysis and differential geometry in infinite dimensions are [Lr11] , [La01] , [KM97] , and [Up85] , but most of the relevant definitions are collected in Section 2, for the reader's convenience.
Connections on principal and vector bundles
2.1. Connections on fiber bundles. In this paper, by fiber bundle with total space M and base space Z we mean any smooth map ϕ : M → Z where M and Z are Banach manifolds.
We are interested in two types of fiber bundles, the principal bundles and the vector bundles.
Definition 2.1. Let P and Z be Banach manifolds and G be a Banach-Lie group with a smooth right action µ : P × G → P , (x, g) → µ g (x) = µ x (g).
A fiber bundle π : P → Z is a principal bundle with structure group G, or principal G-bundle for short, if the following conditions are satisfied:
(1) The action µ is free, that is, for each x ∈ P the mapping G → P , g → µ g (x)
is injective. (2) The orbits of µ are the fibers of π, hence (∀z ∈ Z)(∀x 0 ∈ π −1 (z)) π −1 (z) = {µ g (x 0 ) | g ∈ G}.
(3) The mapping π is a locally trivial bundle with the fiber G. In other words, every z ∈ Z has an open neighborhood V ⊆ Z such that there exists a G-equivariant diffeomorphism ψ : π −1 (V ) → V × G with the property that the diagram
is commutative.
If G, P , and Z are complex manifolds, the mappings µ and π are holomorphic, and at every point z ∈ Z the local trivialization ψ can be chosen holomorphic, then we say that π : P → Z is a holomorphic principal G-bundle.
Remark 2.2. Condition (3) in Definition 2.1 shows that the fibers of π (or, equivalently, the orbits of µ) are submanifolds of P . We also note that the commutativity of the diagram (2.1) is equivalent to the fact that there exists a smooth mapping ϕ : π −1 (V ) → G such that φ(u) = (π(u), ϕ(u)) and ϕ(µ g (u)) = ϕ(u)g for every g ∈ G and u ∈ π −1 (V ).
We say that a fiber bundle ϕ : M → Z is a (real or complex) vector bundle if for every z ∈ Z the fiber ϕ −1 (z) has the structure of a (real or complex) Banach space and there exist a family of open subsets V j ⊆ Z, (real or complex) Banach spaces E j and diffeomorphisms Ψ j : ϕ −1 (V j ) → V j × E j for all j ∈ J with the following properties: First, for every j ∈ J and z ∈ V j the mapping
The above data are called a system of local trivializations of the vector bundle ϕ. Besides the trivial vector bundles V × E → V , (z, x) → z, basic examples of vector bundles are the tangent bundles of smooth manifolds.
To any fiber bundle ϕ : M → Z, one can naturally associate two well known vector bundle structures of the tangent space T M :
• τ M : T M → M , the tangent bundle of the total space M .
• T ϕ : T M → T Z, the tangent map of ϕ.
We take as starting point a definition of connection on a fiber bundle which provides us with a suitable horizontal distribution. (ii) the pair (Φ, id M ) is an endomorphism of the bundle τ M : T M → M ; (iii) for every x ∈ M , if we denote Φ x := Φ| TxM : T x M → T x M , then we have Ran (Φ x ) = Ker (T x ϕ), so that we get an exact sequence
Here H x M := Ker (Φ x ) is a closed linear subspace of T x M called the space of horizontal vectors at x ∈ M . Similarly, the space of vertical vectors at x ∈ M is V x M := Ker (T x ϕ) = Ran (Φ x ). Then we have the direct sum decomposition
. We denote by VP the vertical subbundle of T M -which always exists-whose fibers at each x ∈ M are V x M . The existence of the connection Φ defines the horizontal distribution given by the horizontal subbundle of T M with fibers
In the special cases of principal or vector bundles one defines:
(1) If π : P → Z is a principal G-bundle then a connection Φ on π : P → Z is called principal whenever it is G-equivariant, that is,
is an endomorphism of the vector bundle T Π : T D → T Z (i.e., if Φ is linear on the fibers of the bundle T Π); see [KM97, subsect. 37.27]. There are different but equivalent notions of connections for principal or vector infinite-dimensional bundles, which not always are well explained or explicitly indicated in the literature. Next, we show such equivalences in a unified way, through exact sequences. Our exposition relies on references [El67] , [KM97] , [La01] , [Pe69] , [Va74] , among others. Notation 2.4. We will use the following notation and terminology:
• For any maps α : A → R and β : B → R we define their fiber product by
and we define the pull-back of β by α as the map
If no confusion is possible as regards the maps α and β, then we denote
See [La01, Ch. II, §2] for a discussion of fiber products of smooth maps.
• If α : E → A and β : F → B are vector bundles and f : E → F and f : A → B are smooth maps such that the pair (f,f ) is a morphism of vector bundles, then we define
So the pair (f !, id A ) is a morphism of vector bundles from α :
• If G is a Banach-Lie group and α : E → A is a vector bundle endowed with a smooth action from the right µ : E × G → E that maps every fiber of E onto itself and is fiberwise linear, then we say that α is a vector G-bundle.
A morphism of vector G-bundles is a morphism of vector bundles which is G-equivariant.
2.2. Principal connections. Let π : P → Z be a principal bundle with the structure Banach-Lie group G and free action µ : P × G → P . The induced action of G on the tangent manifold T P is defined by the tangent map T µ, given by
Let g be the Lie algebra of G. One considers the right action of G on the manifold P × g defined by
Denote by ι : P × g → VP ⊂ T P the vector bundle isomorphism defined by the infinitesimal action of the Lie algebra g of G; that is,
Notate for a moment u · g = µ(u, g) for u ∈ P , g ∈ G. Then we have
where for every h ∈ G,
The above means that ι is G-equivariant, and hence ι is a morphism of vector G-bundles between the trivial fiber bundle pr P ×g 1 : P × g → P , (u, X) → u, and τ P : T P → P . Moreover, the map P × g ι −→ T P is injective since the G acts freely on P , and the map T P
is clearly surjective. Then it follows that the horizontal arrows ι and (T π)! of the commutative diagram
are G-equivariant, and the upper row of this diagram defines an exact sequence of vector G-bundles.
In the following theorem, we summarize different approaches to the notion of connection which are found in the literature. Put q := pr
Theorem 2.5. Let π : P → Z be a principal Banach bundle with structure BanachLie group G and free action µ : P ×G → P . The following assertions are equivalent:
(1) There exists a fiberwise linear and smooth G-equivariant map
(2) There exists a morphism of vector G-bundles ψ : T P → P × g such that ψ • ι = id P ×g . (3) There exists a smooth map ω : T P → g such that
(2.4) (4) There exists a principal connection Φ on π : P → Z; that is, Φ : T P → VP is a connection such that
Then, if any of the above points (1)-(4) holds, the relationship between χ, ψ, ω, Φ is given by
(2.8)
Proof. The condition stated for χ in (1) of the statement means that χ splits the short exact sequence of vector G-bundles defined by (2.2), that is,
In turn, the splitting of (2.2) through χ is equivalent, in standard way, to the existence of a morphism of vector G-bundles ψ : T P → P ×g such that ψ•ι = id P ×g . In fact, the relationship between ψ and χ is given by the equation
The two terms in the left-hand side of this equation are idempotents endomorphisms of the vector G-bundle τ P : T P → P whose composition is equal to 0. Since (T π)! is surjective and ι is injective, we can use (2.5) to compute each one of the maps ψ and χ if we know the other one.
This gives us the equivalence between (1) and (2) of the statement. On the other hand, there exists a smooth map ω : T P → g such that
since the map ψ : T P → P × g is a bundle morphism over P . Then the condition ψ • ι = id P ×g is equivalent to (∀X ∈ g)(∀u ∈ P ) ω(T 1 (µ u )X) = X and the condition that ψ should be G-equivariant is equivalent to
Thus there exists a natural one-to-one correspondence between the splittings of the exact sequence (2.9) of vector G-bundles over P on the one hand, and maps ω satisfying (2.3) and (2.4) on the principal bundle π : P → Z on the other hand.
(See also Theorem 1.1 in [Va74] .) This gives us the equivalence between points (2) and (3) -or (1) and (3)-of the statement.
Set now Φ := ι • ψ. As said before, Φ is an idempotent endomorphism of the vector G-bundle τ P . In particular one has Ran (Φ u ) = Ker (id T P − Φ u ) for every u ∈ P , and also, by (2.5), id T P − Φ = χ • (T π)! where χ is injective. Thus we get Ran (Φ u ) = Ker (T u π) for all u ∈ P . Moreover, the equality T (µ g ) • Φ = Φ • T (µ g ), for all g ∈ G, follows readily by the G-equivariance of ι and ψ.
Conversely, for a given Φ :
, v ∈ T P (recall that ι is a trivialization of the vertical subbundle). Then ω is a smooth map satisfying (2.3) by definition and (2.4) by the G-equivariance of Φ.
Finally, (2.8) is easily deduced: q • Φ = pr
• ψ = ω. Thus we have proved the theorem.
As regards the bundle homomorphisms appearing in the above theorem, the mapping χ clearly reflects the idea to lift the tangent space T Z of the base space Z as the space of horizontal vectors in T P . This map is introduced as connection in [Pe69] , for instance. The mapping ω corresponds to the classical notion of connection form associated with a given principal connection (cf. [KM97, p. 387]; see also [KN63] ), and the mapping ψ can be seen as a kind of trivialization of the vertical bundle VP → P . 
the path c ξ1,ξ2 : R → D, c ξ1,ξ2 (t) = ξ 1 + tξ 2 that passes through ξ 1 in the direction ξ 2 . Then it is easily seen that we have a well-defined diffeomorphism In the present setting, we have the exact sequences of vector bundles given by
(2.11)
Similarly to the case of principal bundles we next show different but equivalent presentations of connections on Banach vector bundlles. Recall, r = r 2 • ε −1 .
Theorem 2.6. For any vector bundle Π : D → Z, the following assertions are equivalent.
(1) There exists a smooth map γ :
where (T D) v stands for the fiber of the vector bundle T Π :
(4) One has a linear connection Φ : D → Z, in the sense of Definition 2.3(2). The relationship between the above mappings is given by the formulas:
(2.12)
Proof. 
over D, that is (2.11), and the exact sequence of vector bundles
for all ξ ∈ T D (see [Pe69] , the end of [La01, Ch. IV, §3], and [Va74] ) Since γ splits the exact sequence of vector bundles (2.11), it follows that there exists a unique map λ :
As in the case of principal bundles, with χ and ψ, the maps γ and λ determines each other.
(2) ⇔ (3). For r 1 , r 2 as prior to the theorem, Π • r 2 = Π • r 1 so the pair (r 2 , Π) is a morphism of vector bundles from pr 1 to Π, which is moreover a fiberwise isomorphism.
Now assume that λ :
is a morphism of vector bundles from
satisfies the conditions of (3). Conversely, for a given map K as in (3) one can define the smooth map
Thus the pair (λ, id D ) is a morphism of vector bundles from
Moreover, λ splits the exact sequence of vector bundles (2.11).
In fact, for every (
Let us note also that the above constructions are inverse to one another, so that we get a one-to-one correspondence between maps λ and maps K; cf. subsection 37.27 in [KM97] .
(2) ⇔ (4). This is a matter of fact that the relations Φ := ε • λ and λ := ε −1 • Φ establishes the link between the maps λ of (2) and the maps Φ of (4). 
Here we denote by B(B, E; E) the space of continuous bilinear maps Z × E → E. It then follows by the above local expression of γ along with the definiton of the connection map K : T E → E that its local expression is
whenever x ∈ ϕ(U ) ⊆ Z, y ∈ Z, and ξ, η ∈ E. In fact, we get by (2.12) and (2.13)
By expressing this equation in local coordinates we get
)(x, ξ, y, η) = (x, η + Γ ϕ (x)(y, ξ)), as claimed. And thus the definition of K in Theorem 2.6 is indeed equivalent to the Definition in [El67, page 172].
2.4. Linear connections induced from principal ones. It is well known that principal connections on principal G-bundles π induce linear connections on vector bundles Π associated with π through representations of the structure group G. In the infinite dimensional setting, a very suitable induction procedure is given in [KM97, §37.24] in terms of connections Φ. Here, we show how such a procedure looks when one takes maps χ and γ as references for connections.
So let π : P → Z be a principal Banach G-bundle with action µ :
is a smooth representation of G by bounded linear operators on a Banach space V, and denote by
the associated vector bundle (see [Bo67, subsect. 6 .5] and [KM97, subsect. 37.12]). Recall that P × G V denotes the quotient of P × V with respect to the equivalence relation defined by
whenever (u, x) ∈ P × V, and we denote by [(u, x)] the equivalence class of any pair (u, x). In this way, Π : D → Z is a vector G-bundle. Furthermore, the tangent manifold T G is the semidirect product of groups T G ≡ G ⋉ Ad G g defined by the adjoint action of G on g; see [KM97, Cor. 38.10]. The multiplication in the group T G is given by
Then the tangent bundle T π : T P → T Z is a principal bundle with the structure group T G and right action T µ : T P × T G → T P ([KM97, Th. 37.18(1)]), and the tangent map of the representation ρ can be viewed as the smooth representation
where the resulting matrix is to be understood as acting on vectors of V ⊕ V written in column form. Using the representation T ρ, the tangent bundle of the vector bundle Π : D = P × G E → Z can be described as the vector bundle
which is associated to the principal bundle T π : T P → T Z and is defined by
([KM97, Th. 37.18(4)]). Let now χ : P × Z T Z → T P be a connection on the principal bundle π : P → Z.
Denote by
the quotient map, and define
Then the composition
whenever g ∈ G, x ∈ V and (u, v) ∈ T Z. (Note that the second of the above equalities follows by the G-equivariance property of χ. We also note that a similar calculation can be found in [KM97, subsect. 37.24].) Consequently the map
is well defined. Since the quotient map
is a submersion and T q • (χ× j) is smooth, it follows by Corollary 4.8 in [Up85] that γ is smooth. Moreover, it is easy to see that conditions 1 For the sake of completeness let us recall that every vector bundle is associated with its frame bundle, which is a principal bundle (see [Bo67] and [Va74, Sect. 2]). In this special case the above construction can be found in [Pe69, Sect. 1].
2.5. Covariant derivatives. Whereas a connection on a fiber bundle is introduced by algebraic tools, as a way to make differentation between different tangent spaces possible (through a suitable smooth family of horizontal tangent subspaces), the differential calculus in itself, on such a bundle, relies on the notion of the covariant derivative associated to the connection. We are not dealing with covariant derivatives in detail, but it sounds sensible to recall its definition and some properties.
Let Φ, K be a linear connection on a Banach vector bundle Π and its corresponding connection map, respectively. Let Ω 1 (Z, D) denote the space of locally defined smooth differential 1-forms on Z with values in the bundle Π : D → Z, and let Ω 0 (Z, D) denote the space of locally defined smooth sections of the vector bundle Π.
The covariant derivative for Φ, or alternatively for K, is the linear mapping
Covariant derivatives on Banach bundles enjoy many of the properties of covariant derivatives in finite dimensions. For instance, ∇ can be locally expressed in terms of connection forms ω ∈ Ω 1 (P, g) when the vector bundle is associated with a principal bundle (via a representation of the structure group). In this way covariant derivatives and their compatibility with Hermitian and complex structures, as well as the positivity of their curvature forms, on Banach vector bundles have been studied in [BG14] , [BG15] , [BG16] with particular attention on the geometry of reproducing kernels.
2.6. Pull-backs of connections. Pull-backs of connections on various types of finite-dimensional bundles have been studied in several papers; see for instance [NR61] , [NR63] , [Le68] , [Sch80] , [PR86] . In [BG14, Prop. 6.6], a result on pull-back of connections Φ on Banach vector bundles is given, which is suitable for application in the study of differential geometric properties of reproducing kernels (see also [BG15] , [BG16] ). Unlike most constructions of the pull-backs of connections in the literature, the method provided in [BG14] is more direct in the sense that it requires neither the connection map, nor any connection forms, nor the covariant derivative, but rather the connection Φ itself. However, we wish here to show another type of pull-back operation relying on the connectors associated with connections, which also works in infinite dimensions, since connectors are tools frequently used in applications. 
Definition 2.9. In the setting of Proposition 2.8 the connection map K is called the pull-back of K by ∆ and we denote K := ∆ * ( K). Also, if γ and γ are the connections associated with the connection maps K and K, respectively, then we say that γ is the pull-back of γ by ∆ and we denote γ := ∆ * ( γ).
Proof of Proposition 2.8. Since δ : D → D is a fiberwise isomorphism, the diagram from the statement is commutative if and only if we define
Thus we get a map K : T E → E that satisfies condition (i) in Theorem 2.6(3). It remains to show that condition (ii) in Theorem 2.6(3) is satisfied as well and that K is smooth. To this end recall the embedding
as the vertical subbundle of T D, and let
be the similar map associated with the vector bundle Π : D → Z. Since the mapping δ is fiberwise linear, it follows that for arbitrary (ξ, η)
whence T δ(ċ ξ,η (0)) =ċ T δ(ξ),T δ(η) (0). In other words the diagram
The last of the above equalities follows since K is a connection map hence satisfies condition (ii) in Theorem 2.6(3). Since δ : D → D is fiberwise injective, we obtain K(ε(ξ, η)) = η, and thus K in turn satisfies condition (ii) in Theorem 2.6(3).
Finally, we will prove that the map K is smooth by computing its expression in local coordinates. Let Z be the model space of the manifold Z and by E the fiber of Π : D → Z, and let ϕ : U → Z be a local chart of Z and Ψ : Π −1 (U ) → ϕ(U ) × Z a local trivialization of the bundle α. Similarly, let Z be the model space of the manifold Z, E be the fiber of Π : D → Z, ϕ : U → Z be a local chart of Z, and Ψ : Π −1 ( U ) → ϕ( U ) × E a local trivialization of the bundle Π. Also denote by Γ : U → B( Z, E; E) the corresponding Christoffel symbol of K. Since the mapping ζ : Z → Z is continuous, we may assume that U is small enough such that ζ(U ) ⊆ U .
Since the pair ∆ = (δ, ζ) is a morphism of vector bundles, it follows that there exists a smooth mapping d : U → B(E, E) such that
hence for all x ∈ ϕ(U ) ⊆ Z, y ∈ Z, and ξ, η ∈ E we get
This expression of K in local coordinates shows that K is indeed a smooth map.
Remark 2.10. By using Theorem 2.6 (2) ⇔ (3), formula (2.21) and the computation in [El67, page 172] we obtain an alternative proof of the fact that the mapping K : T E → E defined by (2.18) is a connection map. A special case of this reasoning can be found at the end of [El67, Sect. 2].
Remark 2.11. It is possible to establish a result for pull-backs of covariant derivatives as follows. Let Π : D → Z and Π : D → Z be vector bundles endowed with the linear connections Φ and Φ, with the corresponding covariant derivatives ∇ and ∇, respectively. Assume that Θ = (δ, ζ) is a homomorphism of vector bundles from Π into Π such that
Stiefel bundles on flag manifolds in Banach algebras
Let A be a complex Banach algebra with unit 1 and endowed with a continuous involution a → a * . Let A × denote the open set of invertible elements of A. We will assume in all of this section that A is also hermitian; that is, σ(a) ⊂ R whenever a = a * ∈ A. Here, σ(a) is the spectrum of a. Examples of hermitian Banach algebras are the C * -algebras and group algebras on many locally compact groups. Put P(A) := {p ∈ A : p = p 2 } and p = 1 − p, for every p ∈ P(A). For p, q ∈ P(A), the notation p ≤ q means that qp = p, and p < q means that p ≤ q with p = q. An equivalence relation ∼ can be defined in P(A) by p ∼ q ⇔ p ≤ q and q ≤ p.
The corresponding quotient set is denoted by Gr(A) := P(A)/ ∼ and for arbitrary p ∈ P(A) we denote its equivalence class by [p] ∈ Gr(A). The assumption that
A is a hermitian * -algebra implies that the subset of orthogonal projections
is a cross-section of the above equivalence relation, that is, every element of P(A) is equivalent to exactly one element of P ⊥ (A) (see [BN10, Lemma 4.4(2)]). One thus obtains the canonical bijection
is well defined. Then the Grassmann manifold, or just Grassmannian, Gr(p, A) at p ∈ P(A) is the complex homogeneous space
is a Banach-Lie subgroup of A × . As a Banach manifold, Gr(p, A) is modeled on its tangent space pAp at p.
For the following facts we refer the reader to [DG01] ; see also [MS97] , [BN10] . The Stiefel bundle on Gr(p, A) is the principal bundle σ : V(p, A) → Gr(p, A) whose total space is the complex Banach manifold V(p, A) :={v ∈ A : (∃a ∈ A) ava = a, vav = v, av = p, va ∈ Gr(p, A)}. We next generalize the Stiefel bundle by replacing the Grassmann manifold with flag manifolds.
3.1. Flag manifolds. For every integer n ≥ 1, let δ = (p 1 , . . . , p n ) be a finite, totally ordered family 0 = p 0 < p 1 < · · · < p n < p n+1 = 1 of elements in P(A). Set δ := ( p n , . . . p 1 ).
Let P n (A) be the set of all such families. Then we define
Then the above is an equivalence relation. The corresponding quotient set is denoted by Fl A (n), and the equivalence class of δ = (p 1 , . . . , p n ) ∈ P n (A) is denoted by [δ] ∈ Fl A (n). Generalizing the case of Grassmannians,
when n = 1 and p = p 1 . Similarly to that case, we have the A × -equivariant bijection
where ∆(δ) × is the group of invertible elements of the non-self-adjoint subalgebra of A, ∆(δ) := {a ∈ A : p j ap j = 0 (j = 1, . . . , n)}. In fact, the above A × -equivariant bijection is a diffeomorphism of Banach manifolds where the topology in Fl A ([δ]) coincides with the quotient topology induced from A. This is proven in [BN10] , where the following notions are introduced accordingly.
Let Φ δ : A → A be the diagonal truncation on A defined by
Then it is readily seen that Φ δ is a continuous idempotent mapping with range equal to D(δ) := {x ∈ A : xp j = p j x (j = 1, . . . , n)}, and that Φ δ = Φ δ . Also, the restriction of Φ δ to ∆(δ) is multiplicative. 
given by [BN10, Rem. 4 .2], together with some other facts, (see [BN10, Lemma A1, Th. 4.3]). We note that the matrix decomposition given in [BN10, Rem. 4.2], should actually read as follows: for g ∈ A × with pgp ∈ (pAp) × and p ∈ P(A), one has
where (pgp) −1 is the inverse of pgp in (pAp) × . (For a general n-uple δ one proceeds by induction; see [BN10] .)
The above decomposition (3.2) also shows that
) is a principal bundle with structure group ∆(δ)
× . Here, Ω δ := {g ∈ A × : p j gp j ∈ (p j Ap j ) × for j = 1, . . . , n} is an open subset of A × with 1 ∈ Ω δ . (Note that the unit of pAp is p, for all p ∈ P(A).)
From (3.2) one directly obtains
where A, T N ( δ), ∆(δ), T N (δ) are seen as the tangent spaces (at 1) of the groups
respectively. Let us now have a closer look at (3.3). First, we describe the elements of N (δ) in some detail.
Lemma 3.1. In the above setting,
Proof. Clearly, p j − p j−1 = p j−1 p j for every j = 1, . . . , n, n + 1. For x ∈ (Φ δ ) −1 (1) one has n+1 j=1 (p j − p j−1 )x(p j − p j−1 ) = 1, whence, multiplying the two members of the equality by p k−1 p k with fixed k in {1, . . . , n, n + 1}, one eventually obtains
and the statement follows.
Remark 3.2. Lemma 3.1 is equivalent to g ∈ N ( δ) ⇐⇒ p j g p j−1 = p j p j−1 (j = 1, . . . , n + 1).
It follows from the characterization that the tangent space T N ( δ) of the BanachLie group N ( δ) is given by a ∈ T N ( δ) ⇐⇒ p j a p j−1 = 0 (j = 1, . . . , n + 1).
In particular, for n = 1, δ : 0 < p < 1 and N ( p) := N ( δ) we have that a ∈ T 1 N ( p) if only if pa = 0 and a p = 0; that is, T 1 N ( p) = pAp, the space on which the Grassmannian Gr(p, A) = Fl A ([p]) is modeled. 
Therefore,
Also, x ∈ Φ −1 δ (0) ∩ ∆(δ) if and only if p j xp j = p j−1 xp j−1 + p j−1 xp j p j−1 + p j−1 p j xp j−1 and p j−1 xp j = 0 for every j = 1, . . . , n, n + 1. This is the same as xp j = xp j−1 + p j−1 xp j − xp j−1 + xp j−1 − xp j−1 = p j−1 xp j ; that is, p j−1 xp j = 0 for all j = 1, . . . , n, n + 1. Equivalently, x ∈ T N (δ).
Similarly, x ∈ Φ −1 δ (0) ∩ ∆( δ) if and only if p j x p j−1 = 0 (j = 1, . . . , n, n + 1), if and only if x ∈ T N ( δ).
Fix k ∈ {1, . . . , n}. Then,
whence z ∈ ∆(δ). Analogously, p k y p k−1 = 0 and therefore y ∈ ∆( δ).
Finally, it is clear that
Remark 3.4. Lemma 3.3 contributes to understand the decomposition (3.2) in relation with that one defined by Φ δ ,
and allows us to find the associated projection E δ : A → ∆(δ) defined by
As a matter of fact, E δ is a projection of A onto ∆(δ), with Ker E δ = T N ( δ), such that E δ (1) = 1. The projection E δ and its image ∆(δ) hold a central role in endowing the flag manifold at [δ] with the structure of a complex manifold on which the unitary group of A acts by holomorphic maps; this can be done just as in the case of Grassmann manifolds (see for instance [BG09, Sect. 3 
]).
Put
where the quotient is understood in the sense of the multiplication in A. (ii) The action referred to in the statement is
Thus the action α is well defined. That α is free is even simpler to show, and the holomorphy of α follows by usual arguments.
Remark 3.6. The mapping gA
is a biholomorphic group homomorphism between the Banach-Lie groups G([δ]) and {(h 1 , . . . , h n ) :
× , h j = h n p j (j = 1, . . . , n))}. When n = 1, one gets that the structure group (pAp) × of the Stiefel bundle σ is isomorphic to the quotient group
× is well defined and surjective. Moreover, gA × → ∆(δ) × if and only if g ∈ ∆(δ) × . The remainder of the proof is standard.
As said before, the multiplication in A splits the open set Ω δ as
A Proposition 3.8. Set Ω δ := {gA
and this factorization is unique for every gA
Proof. It is readily seen that the action
is well defined and surjective. Moreover, if a, b ∈ N ( δ) and g, h ∈ ∆(δ)
× are such that a · gA 
]. For δ = (p 1 , . . . , p n ) ∈ P n (A), let V(δ, A) denote the set of n-uples given by
There is a natural bijection from V(δ, A) onto V(p n , A). We thereby identify both these sets, their topologies and differential structures. There exist
Definition 3.9. We call Stiefel bundle on the flag manifold Fl([δ]) the map
Since p n p j = p j for every j = 1, . . . , n, it is easily checked that the above map σ δ is well defined. Proof. To begin with, the right action of G([δ]) on V(δ) given in Lemma 3.5 is free as said there.
Let π δ :
). Proposition 3.8 implies that the multiplication mapping
and arguments involving the family (ψ g : N ( δ) → V g ) g∈A × , similar to some reasoning in the proof of [BN10, Lemma A.1], shows that σ δ is a G(δ)-principal bundle as required.
Now, notice that the tangent space T V(δ, A) is
Hence, Ap n = T N ( δ)+∆(δ)p n and the mapping E δ := E δ | Apn is a smooth projection of Ap n onto ∆(δ)p n .
3.3. Connections on Stiefel and frame bundles over flag manifolds. In this subsection we construct natural principal connections on Stiefel bundles over flag manifolds. To this end we work with the unitary reduction of the bundles considered above, and we use the full force of the assumption that A is a hermitian * -algebra. That assumption is encoded in the fact that its unitary group U (A) := {u ∈ A | uu * = u * u = 1} acts transitively on the flag manifolds Fl
Regarding the unitary group U (A) as a Banach manifold, its tangent space is isomorphic to the real Lie subalgebra of A defined by u(A) := {a ∈ A | a * = −a}. Let δ = (p 1 , . . . , p n ) ∈ P n (A) with p j ∈ P ⊥ (A) for j = 1, . . . , n. The corresponding isotropy group at [δ] ∈ Fl(δ) is U (A) ∩ ∆(δ) × and one thus obtains a U (A)-equivariant diffeomorphism
which gives a principal bundle U (A) → Fl(δ) whose structural group is the BanachLie subgroup U (A) ∩ ∆(δ) × of U (A). Using the hypothesis p * j = p j for j = 1, . . . , n, we obtain
Then the diffeomorphism (3.4) is the same as U(A)/D U (δ) ≃ Fl(δ), whence we obtain the isomorphism between the tangent manifolds
On the other hand, from the decomposition A = Ker Φ δ+ Ran Φ δ discussed in Remark 3.4, one easily obtains
since the map Φ δ preserves the involution in A because p j ∈ P ⊥ (A) for j = 1, . . . , n. Hence, we also have the isomorphism of Banach spaces
and then, having together (3.5) and (3.6), we can see that the hermitian character of the algebra A is also encoded in the real Banach isomorphism between T N ( δ)
and Ker Φ δ ∩ u(A); that is, between T N ( δ) and T N ( δ)+T N (δ) ∩ u(A). [BN10, Cor. 3.7] for hermitian Banach algebras is the key property underlying the observation prior to this remark. In effect, the above factorization, besides giving us the diffeomorphism (3.4), also implies the direct sum of tangent spaces
where with D sym (δ) we denote the self-adjoint elements of D(δ). Then, up to isomorphism,
as shown in Remark 3.4.
It follows from the discussion preceding the above remark that the map Φ δ | u(A) is a principal connection for the unitary reduced bundle U (A) → U (A)/D U (δ) = Fl(δ). For, given g in the structure group D U (δ) of the bundle and a ∈ u(A) = T U (A),
Analogous properties hold in the case of Stiefel bundles.
For every j ∈ {1, . . . , n}, define V U (p j , A) := {up j | u ∈ U (A)} ⊆ V(p j , A). Then one has the Stiefel bundle σ j : V(p j , A) → Gr(p j , A) with its unitary reduction σ
and σ Let now δ = (p 1 , . . . , p n ) ∈ P n (A) with p j ∈ P ⊥ (A) for j = 1, . . . , n. We define
On the level of tangent spaces,
which is a subgroup of G(δ). As in Lemma 3.5, the group G U (δ) acts freely, on the right, on the manifold V U (δ, A) and that action is smooth. Moreover, and similarly to Proposition 3.7, the manifolds Fl(δ) and V U (δ, A)/G U (δ) are diffeomorphic. We call unitary Stiefel bundle the projection map
Proposition 3.12. The unitary Stiefel bundle is a G U (δ)-principal bundle under the right-action
Also, the fact that Φ U δ is the restriction of the map Φ δ , which indeed is defined on all of A, and the properties of Φ δ allow us to get suitable sections showing that the projection σ U has local trivializations compatible with the action of G U (δ).
Naturally, the connection Φ U δ given in Proposition 3.12 can be translated in terms of its equivalent notions as done in Theorem 2.5, as a connection form in particular. On the other hand, the connection Φ U δ induces linear connections on the vector bundles associated with σ U via * -representations of D U (δ)p n . Next, we consider the case of the tautological vector bundles. Let δ ∈ P n (A) with p j ∈ P ⊥ (A) for j = 1, . . . , n. Put
and define the tautological bundle Π δ :
. On the other hand, under the representation defined by the natural juxtaposition action
given by the asignment (up n , (p 1 x 1 , . . . , p n x n )) → (up 1 A, . . . , up n A).
It is readily seen that the pair (Θ V , id Fl(δ) ) is a vector bundle diffeomorphism from Π 
for every a ∈ u(A) and x j , y j ∈ A.
From the above, one can obtain the other notions equivalent to the connection Φ δ on the tautological bundle on Fl(δ), such as the connector map, and also the covariant derivative associated to it.
Remark 3.13. Differential properties of sets of idempotents have been studied in several papers, for instance in the classical reference [CPR90] , where in particular a principal connection is constructed on a certain principal bundle. In this remark we point out the relationship between such a connection and the principal connections discussed earlier in the present section.
For any integer n ≥ 1 let us define
where δ jk = 1 if j = k and δ jk = 0 otherwise. The set Q n is a closed submanifold of A n by [CPR90, Th. 1.7]. The Banach-Lie group A × acts on that manifold by
and for every q = (q 1 , . . . , q n ) ∈ Q n we denote its orbit by V q . It follows by [CPR90, Th. 2.1] that every orbit V q is a closed and open subset of Q n , and the orbit map of the above action, π q :
, is a principal bundle with its structural group (A × ) q := {g ∈ A × | gq j = q j g for j = 1, . . . , n}. A natural principal connection on that principal bundle was constructed in [CPR90, Sect. 4], its corresponding connection 1-form at 1 ∈ A × being given by the idempotent linear map
There exists for every n ≥ 0 a bijection α between Q n+1 and P n (A) given by α(q) k := k j=1 q j ∈ P n (A), k = 1, . . . , n, for every q = (q 1 , . . . , q n+1 ) ∈ Q n+1 with inverse α −1 (δ) j := p j − p j−1 ∈ Q n+1 , j = 1, . . . , n + 1 (with p n+1 = 1), for every δ = (p 1 , . . . , p n ). Since the mappings α and its inverse α −1 are smooth (holomorphic, indeed) on A n+1 and A n respectively, one has that P n (A) is also a closed submanifold of A n , diffeomorphic to Q n+1 . The diffeomorphism α induces by restriction the corresponding diffeomorphism between V q and O(δ) where
. . , q n+1 ) ∈ Q n+1 and δ = (p 1 , . . . , p n ) := α(q). In this way, the mapping π δ :
is a principal bundle with structure group D(δ) = (A × ) q since for any g ∈ A × one has gq j = q j g (j = 1, . . . , n + 1) if and only if gp k = p k g (k = 1, . . . , n). Obviously, the bundles π δ and π q are isomorphic, and we have that the diagonal truncation Φ δ : A → D(δ) defined in subsection 3.1 is the connection 1-form at 1 ∈ A × , for the principal bundle A × → P n (A), which corresponds to θ under the above isomorphism.
A significant difference between the paper [CPR90] and the present paper (apart from the introduction here of the Stiefel bundle on flags) is that we deal with generalized Grassmannians on A n , that is, with equivalence classes of n-uples of idempotents rather than n-uples of idempotents. Thus for the principal bundle . In this context, the reduction of the principal connection on ι * (π q 0 ) defined by the above idempotent map θ is the connection defined by the map Φ δ | u(A) discussed in the paragraph after Remark 3.11.
Remark 3.14. The structure on the principal bundle V(δ, A) → Fl A ([δ]) associated to the projection map E δ : A → ∆(δ) and its restriction E δ : u(A)p n → ∆(δ)p n (see (3.4) and above subsection 3.3), show up simultaneously with the reductive structure on the unitary principal bundle V U (δ, A) → Fl(δ) associated with the principal connection Φ U δ : u(A)p n → D u (δ)p n (see Proposition 3.12). The simultaneous occurrence of the aforementioned structures suggests to investigate the relationship between almost holomorphic structures on the Stiefel bundle and horizontal distributions (connections) on the unitary Stiefel bundle. This topic will be considered in a forthcoming paper. is a principal bundle whose structure group is U ( p k A p k ) just like the structure group of σ U k . The principal bundle can be regarded as the k-th partial frame bundle on the flag manifold Fl(δ), because it consists of frames that take into account the mutual positions only of the terms p 1 , . . . , p k of the flag δ.
It is easily seen that the bundle σ U k is U (A)-equivariantly isomorphic to the natural principal bundle
defined by the canonical embedding U ( p k A p k ) ֒→ U (p k Ap k )×U ( p k A p k ). Hence σ U k has a canonical principal connection Φ k that is both left U (A)-invariant and right U ( p k A p k )-invariant, just as in the finite-dimensional situation studied in [NR61, Prop. 1] and [NR63] . Furthermore, this principal connection induces linear connections and their corresponding covariant derivatives on all vector bundles associated with σ U k by the construction of subsection 2.4 (see also [BG14, Th. 2.2]). These associated vector bundles can be constructed from * -representations of A. And finally, the vector bundles associated with σ U k can be pulled back to Fl(δ) via pr k , just as in the above construction of partial frame bundles, and the linear connections are transferred by that pullback operation using Proposition 2.8.
In the special case when A is a W * -algebra, Hermitian vector bundles on flag manifolds constructed in the above way occur in certain problems of noncommutative spectral theory, as shown in [Be02, Sect. 3 ]. Therefore we expect that the differential geometric methods developed in the present paper and in particular the infinitesimal symmetries of Grassmann and flag manifolds associated to Banach algebras might have applications in the spectral theory of operator Lie algebras, besides the applications to reproducing kernels on vector bundles that are suggested by [BG14] , [BG15] , and [BG16] .
